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1. The steady flow of a viscous incompressible fluid in the presence of

a magnetic field H is described by a system of magneto-hydrodynamic
equations

(VA)v = V(—%"——{—)—!—vAv—f—roth X h
divv =0, divh =0, rot (v X h) + vpAh =0 1.1

h c?
(2= m= )

Here v, is the "magnetic" viscosity, o is the conductivity of the
medium, ¢ is the velocity of light in vacuum, p, is the pressure at any
given fixed point of the flow; the remaining symbols are conventional.

—. The system (1.1) serves for detemining the velocity ¥, the quantity
h, having the dimension of velocity, and the quantity (p, — p)/p.

In the case of motion in a plane, the independent variables would be
the distance from the origin of coordinates r, and the polar angle 6, and
the basic parameters would be the coefficients of kinematic and magnetic
viscosity v and v,.

We assume that the flows considered are completely determined by the
indicated set of parameters, several dimensionless constants &, and also
Q) ..., Q, having dimensions

Qi) = L"T"
Then, by use of the relations of the theory of similarity and dimen-

sions [ 1], the quantities to be determined v, Vg, hr, hg; and (po—p)/p
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may be expressed as

v v v v —p v: o
vr-——“;—f, Uy = 9, hr——‘;“l’» hg = ,—@, EO—P—':WI‘ (1.2)
Here p, 1s the pressure at infinity; the functions f, ¢, ¢, 8, and F
depend on the dimensionless quantities 0, v /v, &, 8, ..., 8,

8 = ()ir—(% +2¢i), 0

Just as in the book [1 ], we assume that p;+ 2q;= 0. Then the
dimensions of the quantities Q; consist of some power of the dimensions
of the coefficient of kinematic viscosity v, and the functions f, &, ¥,
B and F do not depend on r. Setting the Equations (1.2) into the System
(1.1), we obtain the following system of ordinary differential equations:

¢ = @, = const, B = B, = const, [Bo— Py +vmd’ fv=0
"= + 2+ 9" —2F + B4 =0,  F'+2/'—4'=0  (1.3)

Integration of the last equation of the System (1.3) gives
F +2f — %4’2 =C (C = const) (1.4)

Eliminating F, we obtain a system of the third order for determination
of the functions f{(#) and ¢{(6)

/"= + * A4+ B — 4+ 92 —2C =0
fBo— 4@ + Vg’ /v =0 (1.5)

Eliminating f(8), we can reduce the System (1.5) to one nonlinear
equation of the third order with respect to the function (6).

Using the generalized Ohm’s law, it is possible to show that the type
of flow considered has an electric field vector equal to zero. It is
possible to treat the motion as the flow of a liquid in a magnetic field
with a source at the origin of coordinates flowing perpendicularly to
the plane of r, 8. In this case, according to the law of Biot-Savart,
hg = hy/r and the constant h; has the dimension of the coefficient of
kinematic viscosity.

2. We consider the flow from a source (or sink) between two plane
walls tilted with respect to each other at an angle a {diffusor). We
assume an infinitely conducting medium. The magnetic field induces a
current I, flowing along the vertex of the diffusor angle. If the circu-
lation velocity vy vanishes, the propagation of the liquid into the
region occupied by the field is impossible, as follows from the second
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equation of (1.5): since v, = 0, B, # 0, ¢y = 0, we obtain f/= 0. If we
assume the possibility of the circulation velocity having the value

vg = '/ 2n r (for example, in the walls of the angle holes are made so
as to pemit liquid motion normal to the walls), then flow from the
source (or out of the sink) can take place. For the function f(6) we ob-
tain from the System (1.5) an equation of the second order

P+ B =90 20— 2B — %) [ Po® +4f + 92 —2C =0 2.4

To solve this equation and determine the constant C, the condition is
used that the liquid sticks to the wall, and also the discharge Q through
the diffusor is specified
+a/2
F (o) = O, \ ras=2 (2.2)

—a/2
The solution of the problem is given by the formulas
r 4rvl 1
vr= 10 ve=gn,  he= =TI j(B), = e

2mr el V{mpr ¢ Vnpr
(2.3)
Po—P _ 2nl,3f?
Po—0P . (C 2f + ol )

The quantities f3; and ¢, which enter Equation (2.1) are expressed
through the current I, and circulation I'

9o=T/2mv,  By=2I/evVhnp
Equation (2.1) becomes especially simple in the case (d),

Bo = (I' = VZ;’EIO/CV-FT)

and is easily integrated. For the velocity and the family of stream lines
the expressions are obtained :

_ Q cos20—cosa A e (ﬂQ sin28~29msa>
U= T Snd —acosa r(0) = dex I' sma—acosa

As is evident from (2.3), the vectors of velocity and magnetic field
strength are collinear.

3. The flow of a fluid with finite electrical conductivity into a
diffusor with opening angle a is described by the system (1.5) in which
it is necessary to set ¢y =0 (there is only radial velocity). For the
solution of this system of the third order, and determination of the
constant C which enters into Expression (1.4) for the determination of
pressure, four conditions are necessary. Three of them are adherence of
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the flow to the walls and the specification of the discharge rate (2.2).
For the fourth condition, imposed on the induced magnetic field ¢, it is
possible, for example, to assume that the component H_of the magnetic
field is equal in magnitude and opposite in sign on the line r== constant,
at the points where the line intersects the diffusor.

We introduce the designations

19 _ Q1 _ Bov
PR

Here R has the meaning of the hydrodynamic Reynolds number, r, is the
magnetic Reynolds number, ¥ is the Hartmann number. In view of the fact
that for the quantities f(6) and (@) which enter the System (1.5), it is
proper to set f(8) ~R, () ~ B,R it is convenient to go over to the

functions u(f) and A(#) according to the formulas

JO) =Ru(®), ¢ = BaBeX (%)

Equations (1.5) and the boundary conditions are then reduced to the
form

" + Ru® + hu + 4M2 — AR M®2—D =0, u4+N =0

(3.1)
a(x34)=0, A+ga)=—nr(—1a), ’g u(6)dd = 41
wlfy

In the last expression of (3.1) the upper sign corresponds to a source,
and the lower one, to a sink. The velocity, magnetic field, and pressure
are computed by use of the formulas

21,

_lel _ VinpB
v,._Tu(ﬂ), HG_WT& v Vnp

By =

3

R By Vi (3.2)

H, NO, P T (G 2u o 2R

re

Finally the case will be considered of small conductivity R, << 1,
where in the first equation of (3.1) and the relations (3.2) it is
possible to neglect terms with the coefficient Ran. Now the magnitude M2
in the case of strong external fields can be large. The motion is
described by the system

Yy a
W+ RuP4+4(1—M)u—D =0, u(+La)=0, 3 ndi=+1 (3.3)
—~y

and the pressure is expressed by
Po—P __ viR (_D__ — Zu) (3.4)

p r?
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Equation (3.3) is integrated in terms of elliptical functions. We are
restricted to the simplest cases.

4. We consider the flow of a fluid where the Reynolds number R is
small. Equation (3.3) is simplified and transformed into the Equation
v +4(1—MHu=D (4.1)
For M?® < 1, we obtain for the function u(f) and the constant D the ex-
pressions

cos 200 — cos wa
sin wad — wa cos wa

(0F=1— M2, a<n/w)

40? cos oa
_ercosea (4.2)
sin wa — @@ CoS O

, D=7Fo

u=40

For M* = 1, the solution of Equation (4.1) has the form

3
#=tgew

12
D—_——q—?

(2 — 499 (4.3)

For M > 1, the solution of Equation (4.1) is given by the formulas

u— ch o — ch 200
= kO thos —shea
. 4w? ch oa
D=+mawch wa — sh oa (4-4)
(02 = M2 —1)

The function u(@) for different Hartmann numbers, for the angle
a = n/2 is shown in Fig. 1. The magnetic field, exerting a drag on the
flowing liquid, produces a flatter velocity profile. In the limiting case
of strong magnetic field forces (M? >> 1) from (4.4) and (3.4), we obtain
for the core of the flow approximately

vr=Q/ar,  (p—po)/p=20°M*aRr? (4.9)

We notice that the expressions (4.5) are kernels of the solution of
the system

d

dp sHg? KA
dar dr

21,
dr c%p

cr

vr:Oy rvr=0, H0:

Actually, by virtue of the inequality R << 1 the inertial forces may
be considered negligible compared with the viscous forces; and by virtue
of M? >> 1, the viscous forces in the kernel of the flow are less than
the force of magnetic drag.
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Now the induced magnetic field may not be considered in view of the
assumption R, << 1. In the immediate proximity of the wall, where the
forces of friction are considerable, the speed decreases toward zero in
conformity with (4.4). Diverging flow in the case considered is charac-
terized by a large pressure gradient that is negative; converging flow
is characterized by a large positive pressure gradient.

5. From the theory of the motion of a nonconducting gas in a diffusor
it is known that a symmetrical diverging flow is possible only for
Reynolds numbers less than some critical value R = R_, for which friction
on the walls of the diffusor is reduced to zero. Interaction of a con-
ducting fluid with the magnetic field leads to an increase in the
critical Reynolds number. For determination of the number R, from Equa-
tion (3.3), omitting a cumbersome calculation, it is possible to obtain

Ro = 24F (k, = | 2) [E(k, Y[y ) — F (k, Yy =) (1 — k%)) GRY)
The parameter k is found from the equations

a VI— D2 =2V 1—2kF (k, Y,n) for M%< 1

WVIE—1 =2V DB 1F (k, Yfom) for M>>1 (5.2)
k2= 0.5 for M2 =1

@ P

Fhg) — SV_d‘D_ E (k, ¢) = SVi — k?sin®pde
0

L2 ¢in?
'1 k2 sin? ¢ R
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The dependence of R, on the Hartmann number M* for three values of
the divergence angle a, obtained from (5.1), is shown in Fig. 2. The
velocity profile for a = n/4, M? = 14.6 (R, =43.3) is shown in Fig. 3.
The critical value of Reynolds number increases with increase of the
Hartmann number, and is reduced with increase in the angle.

R‘
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rig. 2. Fig. 3.

6. Symmetrical diverging flow, which does not occur at large Reynolds
numbers in the absence of a magnetic field, is possible for large
Reynolds numbers and Hartman numbers: R>> 1, M2 >> 1, #% ~ R,

Investigating Equation (3.3) for the given assumptions, and omitting
a long computation, it is possible to obtain an expression for the velo-
city profile and the pressure

~ 9 4(1~3)
= - =T e e s ] W XY

M2 — _ — —
7=§%~i)—:0(1)’ (p “/2 9) ‘VR'Y 3)’ PPp0=(276a2i)Q2

The indicated flow is possible if 6a(M®—1)/R>3 . From the ex-
pression (6.1) it is evident that the flow has a negative pressure
gradient, and the velocity of almost the entire current is equal to the

value Q/r a, falling toward zero only at the wall. The result for the core
of the flow*

Q P =Py __ 2y — 3)Q*

vy =
T ar? p 6a2r2

* For large Reynolds numbers the flow in the diffuser, in the framework
of the theory of the boundary layer was investigated by Gaylitis [3].
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1s a solution of the system

dv oH 2 dv r
T __Ldp e, 0, He= o

cr

since the viscous forces in the core of the flow may be neglected as a
consequence of M2 >> 1, and in view of the relation M? ~ R the influence
of the magnetic field and the inertial terms have the same order of
magnitude. The expression for the velocity v_ in (6.1) gives the distribu-
tion of velocity in the boundary layer formed. Figure 4 shows the velo-
city for R = 400, y = 4, for an angle of »/2,

Fig. 4.
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